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CRYSTAL GROWTH

e.g. Pyrite




DIFFERENT GROWTH

A final growth form depends on its environment.

Garnet

Hexahedron  Octahedron Dodecahedron Trisoctahedron

http://www2.city.kurashiki.okayama.jp/musnat/geology/mineral-rock-sirabekata/mineral44/mineral-jikeikesshou/mineral-jikeikesshou.html




Isometric Array Grammar
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Three-dimensional case

Fig. 4. A derivation example of Gy
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Fig. 5. The ‘advancing’ rule and the ‘terminating’ rule in G.



A context-free array grammar for cuboids (may be fail)




An i1sometric context-sensitive array grammar

a’s.

¢

Goupe that generates any cubes of symbol

<
7

=
o

(b)
=
=

>
S

)

)

Ncube — {SaXaya Zv F7A7D7G7 E}7

Tcube — {CL},

S, #
®

(a)
<>
S
<
{7

chbe — (N cube s Tcubea P, cube s

(52504
NN\
ATATATAINVAEY

Imai, Matsuda, Iwamoto, Morita 2001

——— — or—

F



A context-sensitive array grammar for cubes (no failure)




Our nature behaves quite synchronizing,
when an initial condition is homogenous.

http://www.treasuremountainmining.com/index.php?route=pavblog/blog&id=73




CRYSTAL GROWTH IS
VERY DIFFICULT!

What is the growth of a snow crystal?

[an Stewart (2001)

Is it a kind of phase transition process? Yes.
Is it a bifurcation? Yes.

Is it a symmetry breaking? Yes.

Is it a chaos? Yes.

Is it a fractal? Yes.

Is it a complex system? Yes.

Can we completely understand it in future? No.




CRYSTAL GROWTH

o It can be regarded as the movement of a solid-liquid
(gas) intertace.

o Its driving force is defined by the difference between
liquid and solid (gas) chemical potentials at the
interface per a small distance.

cf. phase field model




LIMIT SHAPES OF
CRYSTAL GROWTH

There are two stages of studies according to the
macro scale shapes of crystals:

o Equilibrium form (at a closed env. with finite atoms)

o defined by the final form as the result that a crystal
growing system achieves its smallest free energy.

o Growth form (at an open env. with infinite atoms)




WULFF PLOT OF
EQUILIBRIUM FORM

(Wultf 1901)

o If its surface free energy density a(0) for each direction 0 is known,
the equilibrium form can be computed.

Ex. Primitive cubic lattice, low temperature

(i.e., ignoring the effect of entropy).




GROWTH FORM

(Chernov 1962)
» The asymptotical form of a crystal is similarly enlarged and the

form is independent from the shape of initial nuclei. If the
velocity coefficient K(0) is known, the asymptotical growth

form can be computed with the same way of Wulff plot.
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LATTICE BASED PREDICTION
OF GROWTH FORM

Bravais’ law
“the faces most likely to be found on a crystal are those
parallel to lattice planes of highest reticular density"

It relies on the 32 point groups.

It is extended to the 230 space groups.

Donnay, Harker 1937

http://slideplayer.com/slide/6312520/

To introduce the effect of energy, e L

Periodic bond chains (PBCs) theory "
focused on crystal zones and classified crystal faces E

according to the number of periodic bond chains. -
Hartman and Perdok 1956




We would like to consider about the ideal case of
growth forms of a single crystal from a single
nucleus in a homogeneous environment.

Possible growth from:
should be governed by each tiling

should have some variants for each tiling

Garnet

6 [E

Hexahedron Octahedron Dodecahedron Trisoctahedron




CORONA

as a very simple model of crystal growth.
Just kidding! It mwust be extraordinarily complex!

Layer-by-layer growth model
(Zhuravlev 2002, Maleev and Shutov 2011)

The 0-th corona: a tile 1s defined as the tile itselt

The k-th corona: the set of tiles sharing a boundary point

with the (k—1)-th corona

1,2 & 3-coronas
from a square

https://www.ics.uci.edu/~eppstein/junkyard/heesch/




CORONA & EDGE
C O RO NA We can change its adjacency.

The 0-th edge corona: a tile is defined as the tile itself

The k-th edge corona: the set of tiles sharing a edge with the (k—1)-th edge corona

3-corona from a square 3-edge corona from a square

M Von
O0r€ Neumann

I*D =

A corona-sequence represents the "light cone' of a cellular space.




EXAMPLE: CORONAS
OF SIMPLE TILINGS
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Why not triangle?




TILING MAY NOT BE
LIMITED TO A LATTICE

We can think coronas on any
Volonoi cells associated with a
(even randomly arranged) point set.

(uniformly locally finite)

e the point set has infinite elements
e it fills the whole space

We can think about its corona.




NEIGHBORHOOD MAY NOT BE
LIMITED TO POINT OR EDGE
ADJACENT

An adjacency is a reflexive symmetric binary relation:

a) For any tiles T; and T, there exist ny, - - -, ny such that

B ol b — 7 BV B e il Bl e Do I s B

np+1

b) There exists a positive integer M; such that if T; N T; #~ ()

then k in a) can be chosen to be not greater than Mj .
c) There exists a positive real R such that T; ~ T implies

dy : Hausdortf distance

T; is in the neighborhood of T if T; ~ T;.

We might capture the difference of the local bond energy
of atoms by employing a proper adjacency relation.




CORONA AS A WAVEFRONT
OF SIGNAL PROPAGATION

The wavefront of a shape
g - v formed by a graph
The ‘light cone’ of s o GINRS . flooding algorithm.

a cellular space. WAES s

The shape of the wave front of
amoeba growth.

ct. first passage percolation with probability 1




The model is so elementary that I thought
there should be many related studies.

Particularly the periodic cases, it should have

already been studied, maybe 100 years ago...

But the related studies are quite limited...




Let’s start from

REGULAR TILINGS

1-uniform

https://en.wikipedia.org/wiki/Euclidean_tilings_by_convex_regular_polygons




CORONA OF
ALCHMEDAN TILINGS 1
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CORONA OF
ALCHMEDAN TILINGS 2
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EDGE CORONA OF
ALCHMEDAN TILINGS 1
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EDGE CORONA OF
ALCHMEDAN TILINGS 2
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EDGE CORONA OF 33434

'9.00.90.90.0°0.00.90.90.90.00.90.90.90.00.970.9
S IR IR
BB BLBLDLBIELBRB LB BB BLELL
NBBLELELELELE DS LBLBBELELELE
BEPBLBLELED S LNBBLBLLLEY
NBBLEBELLS DS LLLEBLBLL
SO S LN
RPBLL COLBLE
BELELA SEBEL
BLBE BB
BEB0e D SLLLE
BBB COBE
.y L0
A0 A0
Av“o‘ .9
<

4

A

\/

(4

)

a0
e Rk
RS LY
V970,97 B
RS Sleeed
ieiee. PRI
LELELAE BLBLEL
RERIEXR RRELEL
PO KRR
R ELEIELS R EIRL
R I KA RIIIRIES
B0 609 0181 0L 809 88, 4L 008 619,418 8 8.5 818!
R 008 01808 019, 081005 88081009 8 8.5 8180
<PO<POPOOPODOOOPODOOPOLE
SRR
R R IKIRIRIRIKRIKARIRIKS




2-UNIFORM TILINGS
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https://en.wikipedia.org/wiki/Euclidean_tilings_by_convex_regular_polygons




CORONA OF 33344,33434
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A set of irreducible maximal speed vectors
seems to determine the limit shape.
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ABOUT THE EXISTENCE OF THE
CORONA LIMIT OF A TILING

It a corona limit from a finite patch exists then
the other finite patches has their corona limits
and they are the same shape.




DIRECTIONAL SPEED

n(x,y) € N, n is the minimum steps between x and y.
n(x,y) = 0 if £ and y belong to a same tile.

Directional speed: 1ty
2 \%

|tv ] d1(v) = limsup sup
t—o0 gxeRd TL(ZIZ‘, L T tV)

N ; |tv]
do(v) = sup limsu
2(V) wggd t_mop n(x,x + tv)

L
dy(v) = inf liminf 5.
z€Rd t—oo n(x,x + tVv)

t
d,(v) = liminf inf e
t—oo geRd n(x, T + tv)

n(x,x + tv)

x+ED




DIRECTIONAL SPEED

n(x,y) € N, n is the minimum steps between x and y.
n(x,y) = 0 if £ and y belong to a same tile.

Directional speed:

%4 : v ]
tv d+(v) = lm sup su
[tv] (V) t_mop xggd n(x,r + tv)

= L
do(v) = sup limsup 2
. rcRé t—oo TZ, T+ tV)

L
dy(v) = inf liminf 5.
& z€Rd t—oo n(x,x + tVv)

t
d,(v) = liminf inf e
t—o0 zeRd (T, T + tV)

d;, d; are continuous w.r.t. v.

n(x,x + tv) V|

x+ED




1D EXAMPLES

d t
d1(v) = limsup sup [tv]]

Lemma: d;(v) <d,(v) < ds(v) < di(v) _ el n(w,HfVTv)
d2(v) = sup limsup
zeRd t—oo (T, X + V)

t
0 =it binas vaut [tv]]
z€Rd imoo N(Z, T 4 tV)

7
d,(v) = liminf inf laal
t—oo zeR¢ N(Z, T + V)




DIRECTIONAL SPEED

(Akiyama, Caalim, Imai, Kaneko 2017)

= [iadl

Th.l1 Vv,d,(v) = EQ(V) B e L e
& existence of the corona limit 3y(v) = sup lim sup ——12Y]

zeRd t—oo (T, X + V)

Corona limit o o e e 1|

zeRd t—oo n(x,x + tv)

K = {kd2(v)v| [v| =Lk € [0,1]} 40 -nmur g, 1

t—o0 geRd ’n,((L’, x -+ tV)

cf. velocity coefficient K(60)

Th.2 If Vv(#£0),d,(v) = di(v)

then the corona limit is convex and point symmetric.

Th.3 If tiling is (lattice) periodic then
the corona limit is a convex and point symmetric polygon.

(Zhuravlev 2002, Maleev and Shutov 2011)




The corona limit of any periodic tiling exists
and 1s a point-symmetric convex polygon.

INONONINONENINCNONN NN N N NONININONON.
\VAVAVAVAVY VAVAVAVAY

INONINONONONS
NANNNNS

There is no triangular corona limit

in the periodic tiling cases.

INONINONINS

NANNNN/N AVAVAVAVAVAN

INONINONINININININININONINONININININININ/

NNNNNNNININININNININNINININ/N/N
\ AN ANAAANANAANANNNNNNNNNNN/

Why not triangle?

s I But other factors such as aerodynamic
' effect might cause triangular growth...

Libbrecht and Arnold 2009




4,3

-1)

d i [£v]]
d =
1(v) l?ligp f;llgd % )

d Itv]]

do(v) = sup lim su
%5 seRi oo (T, T + V)

t
0 =it binas vaut [tv]]

z€Rd imoo N(Z, T 4 tV)

7
d,(v) = liminf inf laal

t—oo zeR¢ N(Z, T + V)

v=(4,3)
1 =d;(v) =dy(v)

d3(v) < di(v) = 5/4



CORONA LIMITS OF PERIODIC
TILINGS CAN BE EFFECTIVELY
COMPUTED

= [iadl

K = {kdy(v)v| |v| =1,k €]0,1]} A = B P b e + 1)

= Itv]]

do(v) = sup limsu
2(V) xelgd o n(z,r + tv)

ds(v) = inf liminf [tv]

zeRd t—oo n(x,x + tv)

7
d,(v) = liminf inf laal

t—o0 geRd n(ac, x -+ tV)

The corona limit K of a periodic tiling can be computed
Itv]

by inspecting at most |T'| + 1-corona.

n(x,r + tv)

cf. velocity coefficient K(0)
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edge corona
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THE NUMBERS OF
EDGES

e

20 46812 461016
61 4681012

How’s the upper bound of the number of edges

in the case of regular tiling?
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CRYSTALLOGRAPHIC
RESTRICTION THEOREM

https://en.wikipedia.org/wiki/Crystallographic_ restriction_theorem

The crystallographic restriction theorem in its basic
form was based on the observation that the rotational
symmetries of a crystal are usually limited to 2-fold,

3-fold, 4-fold, and 6-fold. %%
However, quasicrystals can occur with other

diffraction pattern symmetries, such as 5-fold; these

were not discovered until 1982 by Dan Shechtman.
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PENROSE TILINGS

(Penrose 1970°s)
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NEIGHBORHOODS




RADIUS 60

Kite Dart, von Neumann Rhomb, Moore

Scale the figure by the number of steps elimitshapeeXiSts?
Any initial patch = regular decagon 77

The corona limit of Penrose tilings is a regular decagon.

Akiyama, Imai 2016
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Propagating speed: [/2 per step, I € {L, S}
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PROPAGATING SPEED
BETWEEN TWO AMMAN BARS
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EFFECT OF THE DIFFERENCE
OF NEIGHBORHOOD

Rhomb, von Neumann Rhomb, Moore

Why'\’rhe speed of convergence differ? e



MODIFIED GROWTH
RULE

State set={0,1,2,3}
Rule: focus cell = o:
case the sum of non-zero neighborhood cells is
1 then the next state is 1;
2 then the next state is 2;
3 or more then the next state is 3;
otherwise: keep its state) : : ,
Counting arrival signals...

Init conf.: a "1" cell




SQUARE LATTICE CASE




VON NEUMANN







RHOMB, MOORE

PRI SIS SRS Sy SRR SRR PR N WEEY RN WS PRy SRR =y

A LA S BCELR al o S Siiheir e ATSLE A

The shape of its
wavefront is composed
by the complex signal
collisions.

The complicated signal

propagation and
collision seems to
depend on the
aperiodicity of the
tilings and chosen
neighborhood. But...

ct. Woltram class I1I CA.




« Thanks to the Amman bars, we can prove
the corona limit of Penrose tilings is a
regular decagon but it is a quite ad-hoc way.

« Ammann tiling: another quasi-periodic
tiling which has Ammann bars.

 Its Ammann bar is even not parallel to the
edge of corona limit.




REP-TILES



http://en.wikipedia.org/wiki/File:Penrose_Tiling_(P1).svg

REP-TILES



http://en.wikipedia.org/wiki/File:Penrose_Tiling_(P1).svg

REP-TILE #4
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CORONA: REP-TILE 5

Its corona does not seem to converge a polygon...

Comtaeer

The spectrum of Rep-tile 5 contains continuous spectrum.




LD
cd
<}
1]
]
et
T
-
[
a2

=

=
=G

I

TS
=

=

=
=0

= =
i

=
=0

ﬂ:?f

H

:

=

=T

S
F)

i

=i

=i

1]

)]
dgSil

SRR

=l

=
=

T

H

T

&

=
=

=]

=y

=g

l_l

RS

s

==}

=
el

=

&

T

=y
=0

&

'—AJ‘i‘II‘Lﬁ—n
ISy

1]
]
=

i
o]
I

=]
L= LY A A

T
=

I__I_I_l H_

L1104
1

LJ~I ]

ik

H

F"TJ

N

—[’_:—

—EIJL

M | I T _lr‘]"[l_:_
oH e

—[I_:—

i

_[r‘l_

I_I__I L_J_l

_Er‘l__l

ialy

| ) -
H L

il

PO G RO
Gl

on
e

cf. Wolfram class IV CA.

The Fourier spectrum of Rep-tile 5 contains continuous.
It is not described by the similar projection method.




PINWHEEL TILING

Triangular tiles appear in infinitely many orientations
(dense, irrational angles).
Conway (unpublised), Radin 1994




CORONA LIMIT OF
PINWHEEL TILING

The Corona of a pinwheel tiling

...acircle!?




CORONA LIMIT OF
PINWHEEL TILING

The corona limit of a pinwheel tiling is a circle of radius/5

Proof outline by Lorenzo Sadun
also cf. Radin, Sadun 1996

« A signal can propagate at speed V5 along the hypotenuse of an even-order supertile
or along the short and long edges of an odd-order supertile.

e In the infinite-volume limit, there are high-order supertiles pointing in all directions
— “highways”

 There is always a nearby highway heading more-or-less in the direction you want to go.

o In the infinite limit, the fraction of time spent jumping from one highway to
another goes to zero.

o the directions of the highways can be made
arbitrarily precise, and the limiting speed in all A
directions is exactly V5. . :

But the convergence is RIDICULOUSLY slow!
The proot is only for this adjacency, but ....




CELLULAR AUTOMATA
GENERATING A CIRCLE

A cellular automaton generating a circle

Delorme, Mazoyer, Tougne 1999
state number ~ 5713

Xtrade off: state number vs. tiling complexity

A simple diffusion CA on a pinwheel tiling
state number 2




SPHERICAL CORONA
LIMIT??

Quaquaversal tiling: rotations are dense in SO(3).
Conway, Radin 1998

The corona limit of quaquaversal tiling might be sphere...??




